The covariant understanding of dispersion relations as level sets of Hamilton functions on phase space enables us to derive the most general dispersion relation compatible with homogeneous and isotropic spacetimes. We use this concept to present a Planck-scale deformation of the Hamiltonian of a particle in Friedman-Lemaître-Robertson-Walker (FLRW) geometry that is locally identical to the κ-Poincaré dispersion relation, in the same way as the dispersion relation of point particles in general relativity is locally identical to the one valid in special relativity. Studying the motion of particles subject to such Hamiltonian we derive the redshift and lateshift as observable consequences of the Planck-scale deformed FLRW universe.
In particular, the possibility that the dispersion relation of free relativistic particles is modified at the Planck scale is one of the main areas of research in quantum gravity phenomenology [1] [2] [3] . Most of the model building efforts so far focused on modifications of the special relativistic dispersion relation satisfied by particles moving on a flat spacetime. In this context, there have been several proposals, connected to different underlying assumptions concerning the fate of relativistic symmetries at the Planck scale. In Lorentz-violating (LIV) models, the deformed dispersion relation results in the introduction of a preferred frame, the one in which the dispersion relation takes the given form. Such LIV models can be straightforwardly extended to the case of a curved spacetime, just by introducing the appropriate redshift factors for energy and momentum [4] . In other cases deformed dispersion relations do not introduce preferred reference frames, thanks to an appropriate modification of the laws of transformation between inertial observers, so that the deformed dispersion relation is invariant under deformed Lorentz transformations. Such models are generically known as 'Doubly (or Deformed) Special Relativity' (DSR) [5] [6] [7] [8] models. It has been understood that these generically entail a curved momentum space [9] [10] [11] [12] [13] , which has (anti)-de Sitter geometry in order to be symmetric under the full set of modified Lorentz transformations.
Within the DSR framework, a much studied class of models describes the deformed symmetries in terms of Hopf algebras rather than Lie algebras [14, 15] . In particular, the κ-Poincaré Hopf algebra [16] [17] [18] has arguably received the highest attention from a phenomenological point of view. For this algebra, in the so-called bicrossproduct basis [14] , the dispersion relation for a free particle takes the form:
where ℓ is the quantum deformation parameter. The energy/momentum variables E, p live on a manifold with de Sitter geometry [9] [10] [11] [12] , while spacetime is flat. So when studying the phenomenology of the κ-Poincaré algebra it is convenient to look at the momentum space as the base manifold, and at spacetime as the fiber of its cotangent bundle. Then it is possible to derive features such as the difference in travel time of free particles with different energies (lateshift) using methods that are completely analogous to the one used to compute the redshift of particles in general relativity [19] , just exchanging the role of spacetime and momentum space as base manifolds. Problems arise when attempting to introduce DSR effects in situations where spacetime is curved 1 . In this case both of the spacetime and momentum space manifolds would be curved and their geometries intertwined [20] [21] [22] . A geometrical treatment becomes challenging, and approaches such as the above-mentioned Hopf algebras have a limited applicability because they assume the existence of global symmetries. In fact, the only case that admits a Hopf-algebraic description is the one where spacetime has de Sitter geometry. The quantum-deformed de Sitter Hopf algebra is known as q-de
Sitter algebra [23] [24] [25] . It is such that in the limit of flat spacetime it reduces to the κ-Poincaré
Hopf algebra and momentum space has de Sitter geometry.
In previous work [26] we proposed to use the framework of a Hamilton geometry of phase space to introduce modified dispersion relations within a generic curved spacetime in such a way that (possibly modified) relativistic symmetries are not spoiled. We demonstrated how a dispersion relation can be understood covariantly as level set of a Hamilton function on point particle phase space, or, mathematically speaking, on the cotangent bundle of spacetime. We also showed that the Hamilton geometry framework is suitable to describe the kinematics of free particles as well as the (eventually modified) symmetry properties of the dispersion relation. As an example, we discussed the application of the Hamilton geometry framework to dispersion relations inspired from the κ-Poincaré Hopf algebra and from the q-de Sitter Hopf algebra.
Of course, the ultimate scope of introducing the Hamilton geometry framework is to deal with more realistic scenarios involving less symmetric spacetimes. In particular, the Friedman-Lemaître-Robertson-Walker geometry, which models the universe we live in on cosmological scales, is homogeneous and isotropic, but lacks time-translation symmetry. In the approach of ref. [27] an FLRW model was constructed starting from an algebraic setting by combining slices of maximally symmetric de Sitter spacetimes. The suggested procedure is however hardly generalizable to other kinds of spacetimes. In this respect the Hamilton geometry approach seems to be better suited to describe Planck-scale deformations of general spacetimes in a way that is compatible with their symmetry properties. In this article we leave maximally symmetric spacetimes as building blocks behind and deal with less symmetric spacetimes, focussing on the homogeneous and isotropic case.
The precise notion of symmetry which we introduced in our previous work allows us to derive the most general form of a dispersion relation which is compatible with this reduced set of symmetries.
As a special case, we exhibit a Planck-scale-modified dispersion relation which is compatible with homogeneity and isotropy of spacetime and which locally reduces to the κ-Poincaré dispersion relation 2 . In the Hamilton geometry framework, this dispersion relation yields a spacetime manifold M equipped with a Hamilton function H on its cotangent bundle T * M which together we call Planck-scale-deformed FLRW phase space 3 .
2 Of course, when the Planck-scale deformation is removed, this dispersion relation reduces to the one characterizing free particles in FLRW spacetime. 3 We can not talk separately of spacetime and momentum space because their modified geometrical properties are Thanks to this description of a Planck-scale-deformed homogeneous and isotropic phase space within the Hamilton geometry setting, it is possible to look for observable consequences of the deformation by studying the phase space worldlines of free particles. This allows in particular to make predictions for the expected redshift and for the travel times of particles with different energies.
We present our results throughout this article as follows. We begin by recalling our interpretation of dispersion relations as level sets of Hamilton functions on the cotangent bundle of spacetime and their symmetries in section II. In section III we present our main mathematical result, namely the most general homogeneous and isotropic dispersion relation, which is displayed in equation (17) . To gain intuition about what can be said in general about the motion of free particles satisfying homogeneous and isotropic dispersion relations we investigate the Hamilton equations of motion induced by (17) in section IV. Finally, we specialize to a Planck-scale deformation of FLRW spacetime geometry in section V. We compute the observable energy redshift and energy-dependent time of travel in subsections V B 1 and V B 3. These effects provide direct access to a comparison between the model and astrophysical observations. In the following, x stand for spacetime coordinates and p for the four-momentum coordinates.
∂ a and∂ a stand, respectively, for derivation with respect to x a and p a . The speed of light, c, is set to one and we use metric signature (−, +, +, +).
II. DISPERSION RELATIONS AS HAMILTON FUNCTIONS AND THEIR

SYMMETRIES
Dispersion relations can be identified with level sets of Hamilton functions H(x, p) on phase space, where we identify phase space with the cotangent bundle T * M of the spacetime manifold M .
In [26] we discussed this procedure in detail and showed how to derive the geometry of phase space solely from Hamilton functions. To understand general relativity in this way observe that the general relativistic dispersion relation for a particle in free-fall
is nothing but the representation of a level set of the cotangent bundle function
intertwined.
in a local inertial frame. The phase space geometry derived from H GR then is nothing but a flat momentum space geometry and the usual Lorentzian metric geometry on spacetime.
An element of the cotangent bundle is a 1-form P on spacetime and gets labeled with so-called manifold induced coordinates T * M ∋ P = p a dx a = (x, p). A coordinate change on spacetime
while a local basis change from dx a to ω b = A −1b a (x) dx a in a cotangent space T * x M of M is a linear, possibly x-dependent, transformation in the p part of the manifold induced coordinates on T * M only:
where the subscripts denote the basis in which we coordinatized the cotangent bundle. The coordinate basis dx is usually suppressed. We mention these transformations here in some detail since we will use them later in section V to justify our conjecture for the specific form of a quantum deformed cosmological Hamilton function.
Since we seek to derive the most general dispersion relation whose symmetries are compatible with a homogeneous and isotropic spacetime we recall the notion of symmetry in the framework of Hamilton geometry [26] . Symmetries of a metric manifold (M, g) are diffeomorphisms of the manifold which leave the metric invariant. In the same spirit we say that a diffeomorphism Φ of T * M , i.e. of phase space, is a symmetry if it leaves the Hamiltonian (i.e. the dispersion relation)
invariant:
From the infinitesimal action of the diffeomorphism,
one finds the vector field generating the symmetry transformation by asking that the above definition of symmetry, eq. (6), holds:
The vector field Z = ξ a (x, p)∂ a +ξ a (x, p)∂ a on T * M is then the generator of the diffeomorphism Φ, which has to satisfy the following condition for Φ to be a symmetry:
In our previous work we identified several distinguished classes of symmetries. Here we are interested in manifold induced symmetries, which are symmetries of phase space induced by a diffeomorphism of the spacetime manifold.
A diffeomorphism of the base manifold M can be represented infinitesimally by vector fields
It acts as a change of local coordinates (x a ) → (x a + ξ a ). Such a local change of coordinates on M induces a change of coordinates on
Thus a diffeomorphism on M generated by the vector field X induces a diffeomorphism on T * M generated by the vector field
symmetry of the Hamiltonian
which is determined by such a vector field X on M is called manifold induced symmetry.
As a remark, recall that manifold induced symmetries always lead to a conserved phase space
where {·, ·} are the standard Poisson brackets:
∂pa . We will now consider symmetry generating vector fields which generate homogeneous and isotropic spacetime manifolds and derive the most general dispersion relation compatible with such symmetries.
III. HOMOGENEOUS AND ISOTROPIC HAMILTONIANS
For a homogeneous and isotropic spacetime we demand invariance under the diffeomorphisms induced by the following six vector fields encoding spatial rotations and spatial translations. In spherical spacetime coordinates (t, r, θ, φ) and defining χ = √ 1 − kr 2 , where k is the spatial curva-ture, they take the form [28] :
for translations, and:
In order to find the most general homogeneous and isotropic Hamiltonian on phase space we need to derive the complete lifts of these vector fields to the cotangent bundle and demand that the Hamiltonian does not change along the flow of these vector fields, see (10) . The lifts X C I , I = 1, ..., 6 of the above vector fields are quite long expressions and can be found in the appendix A.
There are two ways for evaluating the symmetry conditions X C I (H) = 0 for I = 1, ..., 6. One can solve the partial differential equations by introducing the following set of new coordinates:
defined throught
which is done in detail in appendix B. Alternatively, the problem of solving the differential equations can be turned into an algebraic problem by taking an extrinsic point of view and seeing the 3-dimensional homogeneous and isotropic spatial part of the geometry embedded into a 4-dimensional ambient manifold. This is discussed in appendix C.
Both the procedures yield that the most general Hamilton function on phase space which is spatially homogeneous and isotropic has the form
Thus we find that the dispersion relation is not allowed to depend arbitrarily on the momenta, but only on the energy component p t of the four-momentum and on the specific combination of spatial momenta encoded by w.
Some examples of homogeneous and isotropic Hamilton functions whose levels sets are then homogeneous and isotropic dispersion relations are:
• The FLRW Hamiltonian:
where a(t) is the scale factor appearing in the FLRW metric
• A general first-order polynomial deformation of FLRW geometry:
where a(t) is again the FLRW scale factor and b(t), c(t) are generic functions of time. The parameter ℓ is the deformation parameter, with dimensions of length.
• Our conjecture for a κ-Poincaré-inspired qFLRW dispersion relation, which will be motivated and studied in detail in section V:
whose first order expansion in ℓ reads:
So at the first order this corresponds to setting b(t) = a(t) −2 and c(t) = 0 in the general expression (19) .
In section V we will study the qFLRW dispersion relation in more detail and derive its physical predictions. Before doing so we discuss the motion of particles subject to a general homogeneous and isotropic dispersion relation.
Homogeneous and isotropic Hamilton functions still possess a high degree of symmetry. Each generator of symmetry yields a constant of motion which enables us to simplify the Hamilton equations of motion significantly.
Expanding the equations of motionṗ a + ∂ a H = 0 andẋ a −∂ a H = 0 yieldṡ
The constants of motion (11) can be obtained in terms of the symmetry vector fields X I (12)-(13) via application of X I to a canonical 1-form P = p a dx a . The conserved quantities associated to the generators of spatial rotations X 4 to X 6 are:
while the conserved quantities associated to the generators of spatial translations X 1 to X 3 are:
Thanks to the symmetry properties of the system, in order to study geodesic motion it suffices to focus on radial geodesics along a given direction. One can then obtain the geodesics in all the other directions by applying a symmetry diffeomorphism, i.e. a rotation or a translation. Thus, without loss of generality we choose θ and φ to be constant and equal to θ = π 2 and φ = 0, which further simplifies the equations of motion to
The two last equations imply the further constraints p θ = p φ = 0 (compare with eqs. (28) and (29)). Using this choice for θ and φ, all the constants of motion vanish, except for K 1 :
K 1 turns out to be related to the coordinate w defined in (16) , since when θ = π 2 and φ = 0 this becomes constant itself and satisfies w 2 (θ = π 2 , φ = 0) = χ 2 p 2 r = K 2 1 . We reduced the dynamical system to have just four non-trivial equations, the ones for p t , t and p r , r. The last two of them can be further simplified by observing that from (40) it follows that:
Substituting this into the equation forṙ one gets:
One can of course verify that (41) and (42) are compatible with (33) .
Summarising, the dynamics of a point particle with a homogeneous and isotropic Hamiltonian is described by the following set of equations for the phase space coordinates:
where K 2 1 = w 2 is a constant. For further analysis we need to specify the Hamiltonian we are interested in.
V. THE QFLRW DISPERSION RELATION
In this last section we are going to study in detail one specific form of isotropic and homogeneous Hamiltonian. Our main reason for being interested in the Hamilton geometry framework is that it allows us to describe Planck-scale-modified dispersion relations as due to a deformed geometry of the phase space of relativistic particles, in a way that is compatible with the (deformed) symmetries of the dispersion relation. For this reason it makes sense to seek a generalisation of the κ-Poincaré Hamiltonian, eq. (1), to a non-flat spacetime case.
As already briefly mentioned at the end of section III, a homogeneous and isotropic Hamiltonian that locally reduces to the κ-Poincaré one takes the form:
with Hamilton metric 
In order to clarify in which sense this Hamiltonian is related to the κ-Poincaré one, we observe that at every point x of spacetime there exists a local and linear transformation of the spatial momenta p α →p α (p) = R β α (r, θ)p β , such that the coordinate w takes the following form 4 :
This is true simply by the existence of local orthonormal frames for the spatial part of the FLRW metric and local frame transformations on M are linear transformations on T * M as discussed around equation (5) . Thus, locally, at every x ∈ M we find frame labels (x,p) ω of phase space which are connected to the manifold-induced coordinates (x, p) via a linear transformation of the momenta:
In terms of these new momenta the Hamiltonian (51) becomes:
which is the form of the Hamiltonian associated to the κ-Poincaré model, see eq.
(1).
The important observation is that this can be achieved by a linear transformation in the momenta, which is analogous to the existence of local orthogonal inertial frames in general relativity, where at each point x on spacetime there exists a local and linear transformation of the momenta such that the Hamiltonian of a Lorentzian spacetime
After having motivated our choice of qFLRW Hamilton function we can now proceed to discuss its observable physical consequences.
A. Particle motion
We already discussed the Hamilton equations of motionṗ a + ∂ a H = 0 andẋ a −∂ a H = 0 for a general homogeneous and isotropic Hamiltonian in section IV. There we reduced the equations so that only the ones for four phase space variables are non-trivial. Of these, p r is given as a function of r (eq. (44)), while t, p t and r satisfy respectively the differential equations (47), (43) and (48).
When applied to the qF LRW Hamiltonian (51) and introducing A(t) = a −2 (t) these equations read:ṙ = 2wAe ℓpt χ (56)
where w = χp r = K 1 is a constant of motion, see eq. (40) , and the ′ denotes derivative with respect to the coordinate time t.
We can avoid solving the differential equation for p t explicitly by using the fact that the Hamiltonian H qF LRW is conserved along the solutions of the equations of motion. This allows us to write p t (τ ) as a function of coordinate time p t (t). In fact, the Hamiltonian encodes the mass-shell condition for the particle:
By solving this with respect to p t one finds:
where the plus sign was chosen in order to recover p t = −m for a particle at rest in a flat spacetime in the ℓ = 0 limit, as it must be for our signature convention (−, +, +, +). Note that p t (t) also depends on p r and r via w.
5 These linear transformations of the momenta are compatible with the Hamilton geometry of phase space which is derived from the Hamilton function since they are linear transformations, see [26] .
radial coordinate with respect to the coordinate time t:
where in the last equality we used eq. (60).These equations for p(t) and r ′ (t), together with eq. (41) for p r , fully characterize the motion of a particle and can be used to derive the relevant observables, as we show in the following subsection.
B. Observable effects
In order to characterize the physical predictions of the H qF LRW Hamiltonian it is useful to study the behaviour of massless particles. In this case, both of the equations (60) and (61) simplify significantly:
The evolution of p r can be straightforwardly derived from the one of r using eq. (41).
In the following we will study the evolution of the energy and radial coordinate implied by the above equations to show the emergence of two peculiar physical effects. One is a correction to the usual energy redshift, which turns out to depend on the initial energy of the particle besides its time of travel. The other effect is dubbed 'lateshift' [19, 25] , and consists in the fact that the time of travel of a particle depends on its energy, so that two particles emitted by a source at the same time but with different energies will arrive at a far away detector at different times. Both of these effects are already known in the context of studies of the phenomenology of particles whose symmetries are described by the κ-Poincaré Hopf algebra [19] or the q-de Sitter Hopf algebra [25] .
In this phenomenological context, these Hopf algebras basically describe the Planck-scale-modified symmetry properties of particles moving, respectively, on a Minkowski or de Sitter spacetime. So it should come with no surprise that the same sort of effects emerges (appropriately modified) also in the Planck-scale-modified FLRW model we study here.
Redshift
The energy redshift of a massless particle propagating in a qFLRW spacetime can be computed by studying the evolution of p t along the particle's worldline 6 , eq. (62).
Note that in the classical limit ℓ → 0 from (62) one recovers the usual scaling of the energy of a particle traveling in a FLRW universe:
The redshift of a massless particle on a radial geodesic is measured by comparing the energy at the time of emission, p t (t i ), with the energy at detection, p t (t f ):
where we have used the fact that from eq. (62) one can find the constant of motion w as a function of the energy and scale factor at any given time 7 :
and in particular one can set w = −a(t i )
1−e −ℓp t (t i ) ℓ , so that
If the scale factor is the one of a de Sitter spacetime, a(t) = e ht , where h is the inverse of the de Sitter radius, the redshift is:
which reproduces the results found in [25] at the first order in h and ℓ for a particle with q-de Sitter symmetries. So our result (65) can be seen as the generalization of the formula for the redshift from a q-de Sitter model to a qFLRW model. 6 Both for the computation of redshift in this subsection and of lateshift in subsection V B 3, we do not need to worry about coordinates artifacts such as the ones discussed in [19] , because the spacetime coordinates we use are dual to the momenta from the point of view of Poisson brackets. If one were to choose a different spacetime coordinatization (such as, for example, spacetime coordinates inducing translations on momentum space coordinates), then one would need a more careful analysis, based on the techniques developed in the relative locality framework [19, 25] . 7 It is easy to check that from eq. (66) one can indeed obtain dw dt = 0, consistently with w being a constant of motion.
Spacetime worldlines
The worldline of a massless particle is found by integrating the equation for the evolution of the particle's radial coordinate, eq. (63), which we rewrite here for convenience:
The constant w depends on the particle energy and on the scale factor as in eq. (66). In particular,
we can again choose to evaluate it at the initial time t i , w = −a(t i )
1−e −ℓp t (t i ) ℓ
. We also ask that the particle moves forward with time (r increases with time). The worldline can then be expressed as a formal integral:
This can be evaluated explicitly once a choice for the scale factor is made. For example if, as done in the end of the previous subsection, we choose the scale factor of an exponentially expanding universe, a(t) = e ht , we find
The spatially-flat case is given by the k = 0 limit of the above, and gives the Planck-scale-corrected worldline of a massless particle in de Sitter spacetime:
Note that the first order in h and ℓ, reported in the second line, reproduces the results of [25] , which studied particles with symmetries described by the q-de Sitter Hopf algebra.
Already from the general expression (70) one can see that the distance travelled by a particle depends on its initial energy via the w factor inside the integral. This energy-dependence starts at the first order in ℓ, so it can be understood as a purely Planck-scale effect. The fact that in the ℓ, h expansion of eq. (74) there are terms proportional to the product hℓ indicates that the time of travel depends in a non-trivial way on the interplay between curvature and Planck-scale properties of spacetime (see also [20] ).
For phenomeological purposes, it is useful to compute the difference in arrival time of two massless particles which are emitted at the same time with different energies and are detected at the same location. This is in fact the most promising kind of observable that current astrophysical experiments are able to measure [29] [30] [31] [32] [33] [34] . One (soft) particle is assumed to have small momentum (such that ℓ-dependent effects are negligible), while the other (hard) particle is assumed to have high momentum (such that ℓ-dependent effects are relevant).
We compute the time delay at the first order in ℓ in two cases. The first one is a universe that is expanding exponentially at constant rate, a(t) = e ht with arbitrary spatial curvature k.
The second option we consider is a universe with arbitrary scale factor a(t) and vanishing spatial curvature, k = 0.
In the first case the worldlines of massless particles are given by eq. (71). To compute the time delay we set t i = 0, r(t i ) = 0 in eq. (71) and equate the distances covered by the two particles, respectively during the time t hard and t sof t :
These distances are given by the following expressions up to first order in ℓ
which realize the idea that the soft photon does not feel any ℓ-dependent deformation. Then the difference in time of arrival, ∆t ≡ t hard − t sof t can be calculated to first order in ℓ 8 and can be expressed in terms of the redshift of the hard particle, z(0, t hard ) = e ht hard − 1 + O(ℓ) 9 , and its energy at the detector, p t (t hard ) = p t (0)/(1 + z), as follows:
Surprisingly, we find that ∆t is independent of the spatial curvature k up to first order in ℓ.
In the second case, the relevant expression of the worldline is given by eq. (70), with k = 0.
8 Simply replace t sof t = t hard − ℓδt in (75), solve for δt to zeroth order in ℓ and identify ∆t = ℓδt. 9 We approximate the redshift at zeroth order in ℓ since it will appear in terms which are already first order in ℓ.
Then the distance travelled by the two particles, respectively during the time t hard and t sof t , is 10
Following the same procedure as above, we equate these distances, obtaining
Since the variation of a(t) is negligible between t hard and t sof t , we can solve this equality and write the time delay as:
These two results on the time delay can be compared with the ones of ref. [27] . There, the time delay was computed both assuming an exponential scale factor with vanishing spatial curvature (a(t) = e ht , k = 0) and for a generic scale factor and vanishing spatial curvature. For both of the choiches of scale factors, the Planck-scale corrections were derived from two different models:
one that explicitly breaks Lorentz symmetries (LIV case) and another one where the Planck-scale corrections are compatible with deformed relativistic symmetries (DSR case).
In the model with exponential scale factor the time delay is given in eqs. (18) and (30) of [27] , respectively for the LIV and DSR cases. We rewrite these equations here for convenience, adapting the notation to ours:
These equations contain a number of parameters, which can be chosen so as to match our result, eq. (78). In particular, for the LIV case this choice of parameters is {λ ′ = λ ′′ = λ ′′′ = 0, λ = −ℓ}, while for the DSR case one has to fix {α = γ, β + γ = −1}.
In the model with generic scale factor the time delay is obtained in ref. [27] via a procedure that describes FLRW spacetimes as the "glueing" of many slices of de Sitter spacetime with different values of h. The resulting time delay is given in eqs. (65) and the one before (81) of [27] , again 10 We write the constant w as a function of energy and scale factor measured at the detection time of the hard particle: w = a(t hard )
respectively for the LIV and DSR cases. We rewrite here also these equations, adapting the notation to ours:
Of course these equations depend on the same parameters as the equations for the exponential scale factor case, since they result from the glueing procedure described above. Our expression for the time delay in a universe with generic scale factor, eq. (82), matches the results of [27] for the same choice of parameters as in the de Sitter case. This is a confirmation of the actual accuracy of the "glueing" procedure used in [27] , since our computation does not rely on any approximation of this sort.
VI. DISCUSSION
Hamilton geometry allows to consistently introduce departures from general-relativistic geodesic motion as a consequence of the presence of non-quadratic functions of the four momentum of a test particle in its Hamiltonian. While in this framework the Hamiltonian is, in principle, allowed an arbitrary dependence on momentum, symmetry requirements constrain its possible shape. In the work presented here, the implementation of spatial isotropy and homogeneity as invariances of the Hamiltonian allowed us to derive its generic functional form in the cosmological setting, eq. (17).
The presence of terms which are of higher power in the momenta requires the introduction of a dimensionful parameter, i.e. of an energy scale, so this framework is a promising candidate to describe Planck-scale departures from general relativity. In particular, since Hamilton geometry allows for a consistent treatment of the symmetry properties of the modified phase space, it can be used for the scopes of the 'Doubly Special Relativity' program. Presently, the most successful theoretical framework for relativistic Planck-scale-modified dispersion relations is the one of Hopf algebras [14] , which is however rooted in the assumption of maximal symmetry. The strength of our approach lies in its ability to deal with situations of only partial symmetry, as it is the case in cosmology, which is extremely relevant for Planck-scale phenomenology.
We provided the most general Hamiltonian that modifies the one valid in a Friedmann-Lemaître-Robertson-Walker universe, up to the first order in the (dimensionful) deformation parameter, meaning that our Hamiltonian contains up to cubic powers in the four-momentum. This is displayed in eq. (19) .
Most importantly we were able to propose a Hamiltonian which is a curved-spacetime generalization, compatible with spacetime isotropy and homogeneity, of the κ-Poincaré dispersion relation -one of the most studied deformations of the special-relativistic dispersion relation, which is derived in the context of the κ-Poincaré Hopf algebra. Our proposal, eq. (51), is compatible with the loss of time-translation invariance in the cosmological setting and reduces to the κ-Poincaré one when going to a local inertial frame. This was made especially easy by the fact that the κ-Poincaré
Casimir exhibits the same spatio-temporal split as results from cosmological symmetry.
Finally, we used this last Hamiltonian to study in detail the worldlines of relativistic particles and compute some observable predictions. Specifically, we were able to reproduce and generalize the familiar energy redshift effect, eq. (65), computed to all orders in the Planck length and for arbitrary scale factor and spatial curvature. In general relativity such effect only depends on the time of travel of the particle, while in our framework it also depends on the particle's energy itself.
Choosing the scale factor of an exponentially expanding universe and considering only the first order perturbation in the Planck length, our result confirms the results found in [25] . We were also able to compute, up to the first order in the Planck length, the amount of delay in the time of arrival of two particles emitted by the same source at the same time but with different energies, eq. (82). This is an effect which is being currently tested with astrophysical observations [31, [33] [34] [35] [36] . We could confirm the results of [27] , valid for a spatially flat universe, for a specific choice of the parameters in [27] . Our results also generalise the computation to a universe with arbitrary spatial curvature.
In an upcoming article we will use the Hamilton geometry framework to study modified dispersion relations in arbitrary curved spacetimes. In the same article we will then introduce spherically symmetric Planck-scale-modified geometries, which can be interpreted as deformations of Schwarzschild geometry. In section III the symmetry conditions on dispersion relations are formulated in terms of complete lifts of the symmetry vector fields (12)-(13) on spacetime. Here we display these lifts explicitly.
Defining χ = √ 1 − kr 2 the lifted translations are:
while the lifted rotations are
The assumption of maximal spatial symmetry means that spacetime is foliated in time by threedimensional, homogeneous submanifolds Σ, which are necessarily isometric to either of the following:
Here, the parameter k indicates spatial curvature, and the identification as either of the three given quotient spaces is understood from an embedding of Σ into R 4 as
. . between 1 and 4), where the case k = 0 is considered only in the limiting sense. In the case Σ ∼ = S 3 , choosing
induces on Σ the metric
with dΩ 2 2 = dθ 2 + sin 2 φ, and, optionally, r = sin ρ. The remaining two cases are completely analogous. (Formally, k = −1 is obtained by sending ρ → iρ, and k = 0 when neglecting all but linear terms in ρ). The isometries are generated by the restriction of the vector fields Z ij and kZ 4i
(i, j = 1, 2, 3) to Σ, where
Cotangent vectors on Σ have, in this embedded view, components
Lifting the vector fields (C5) to T * R 4 ∼ = R 8 simply yieldŝ
the action of which can be represented as
with
and
when e M is the R 4 unit (column) vector in the M -th direction, and e * M = G(e M ) the dual (row) vector. Since both the lift and the matrix representation are linear operations, the rescaling Z 4i → kZ 4i translates identically to Ω 4i → kΩ 4i to yield the correct k → 0 limit. Respecting this, any function invariant under (C8) must be a function of some quadratic form Y t hY , with symmetric coefficient matrix h. The condition it has to satisfy is
which is the infinitesimal version of
Now, X M P M = 0 on Σ, and G M N X M X N = k −1 = const. anyway, so that a generic function invariant under the symmetry-generating vector fieldsẐ M N can only truly depend on (G −1 ) M N P M P N .
But on T * Σ, one easily finds, with w from (16) , that
This is the aimed-at result. Considering a time-dependent embedding (C2) then creates the additional dependence on the corresponding coordinates t and p t for a general homogenous and isotropic
Hamiltonian (17) . 
We can redefine the coordinateΠ 4 − 1/ℓ = Π 4 , in order to reabsorb the term 1/ℓ 2 . This set of Minkowskian 1+1+1D spacetime coordinates are related to the 1+1D corrdinates p µ defined on the hyperboloid by the following relations: 
The physical interpretation of such momentum-space geodesic equations can be formalized interpreting the Hamiltonian as a "momentum-space invariant line-element":
where the P α (s) are momentum-space geodesics and ζ µν is the 1+1D momentum-space metric, 
This simple observation allows us to define a deSitter-deSitter framework in which Hamiltonian and metric can be obtained from (D3) and (D5), just sending p 1 → p 1 e −ht , id est 
and the metric of momentum-space appears to be a deSitter-deSitter like one 
always satisfy the first equation in (D10) and also the second one, if we take into account the additional on-shell condition. A further check can be fulfilled by using those latter solutions to calculate the κ-Poincaré Hamiltonian with the procedure defined in eq.(D4).
The possibility to describe κ-Poincaré Hopf algebra formalism as a curved momentum-space allows us to establish a duality between complex Hopf algebra properties and Riemannian geometry, which makes it possible to interpret in a comprehensible way all the otherwise obscure κ-Poincaré features like the time-delay effect and nontrivial composition law for momenta [19] .
[1] G. Amelino-Camelia, "Quantum-Spacetime Phenomenology," Living Rev.Rel. 
